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Abstract

A high-order continuum model for micro-scale flows is investigated. The Burnett equations are applied to the
steady-state micro Couette flow of a Maxwellian monatomic gas. Solutions to these equations are shown to be stable
for all Knudsen numbers (Kn) up to the limit of the equations’ validity (Kn — 1). The reason why previous researchers
have failed to obtain solutions to this problem for K»n much greater than 0.1 is explained. A procedure is proposed to
overcome these difficulties, and its application successfully demonstrated. Results are obtained on high-resolution
numerical grids and show good agreement with data obtained from direct simulation methods. A reduced-order
procedure is also described for calculating the implicitly defined first-order slip boundary conditions prior to the so-
lution of the full equations. This method can be used to generate accurate initial guesses for an iterative solution. The
comparative utility of second-order boundary conditions is explored and alternatives discussed.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Understanding the dynamics of gas flows in and around micron-scale geometries (microfluidics) is im-
portant for the design of certain microelectromechanical systems (MEMS) e.g., microchromatographs,
microactuators for aerodynamic flow control, microturbines and pumps, etc. [4]. However, the Navier—
Stokes equations with non-slip boundary conditions do not apply because they can only describe flows that
are close to local equilibrium which, in general, gas flows in MEMS rarely are [3]. This is because the mean
free path of the gas molecules at typical MEMS operating temperatures and pressures approaches the
length scale of the microdevice itself, so there are not enough collisions to equilibrate heat and momentum
at every point in the flow. The critical parameter in this problem is the well-known Knudsen number,

*Corresponding author. Tel.: +44-20-7847-2322; fax: +44-20-7848-2932.
E-mail addresses: duncan.lockerby@kcl.ac.uk (D.A. Lockerby), jason.reese@kcl.ac.uk (J.M. Reese).

0021-9991/03/$ - see front matter © 2003 Elsevier Science B.V. All rights reserved.
doi:10.1016/S0021-9991(03)00162-1


mail to: duncan.lockerby@kcl.ac.uk

334 D.A. Lockerby, J.M. Reese | Journal of Computational Physics 188 (2003) 333-347

Kn = /L, where 1 is the mean free path of the molecules and L is a distinctive spatial dimension of the flow.
The Navier—Stokes equations with non-slip wall conditions are only appropriate when Kn < 0.001 [3]. But
gas flows in MEMS are often in the “continuum transition” regime, i.e. 0.001 < Kn < 10. In this case the
gas acts neither as a continuous fluid (Kn < 0.001) nor as a free molecular flow in which molecular collisions
are unimportant.

Although the common solution to modelling flows in the continuum transition regime is to use a
molecular dynamics or Monte Carlo approach, these can be extremely computationally intensive, espe-
cially for complex flow geometries. In a previous paper [9], one of the authors and his colleagues showed
that certain macro-scale continuum transition flows can be described by extended governing equations,
with continuum-type expressions for the viscous stress and heat flux terms derived from a Kn-series so-
lution to the Boltzmann equation [2]. To first order, this series solution technique yields the Navier—
Stokes equations; to second order, the so-called Burnett equations. Differing physical interpretations and
approaches to the series solution technique for the Boltzmann equation have also, in recent years, led to
competing sets of second-order equations, including the BGK-Burnett [1], Grad [2], Eu [7] and Woods
[10] equations. Although the complexity, nonlinearity and numerical instability associated with all these
equations has impeded research into their predictive capacity, it is generally recognised that this class of
equations should be the most appropriate for modelling flows in the continuum transition regime, whether
at the macro- or micro-scale. In addition, provided numerically stable and unique solutions can be found,
the numerical effort involved in their solution would be orders of magnitude less than molecular dynamics
or Monte Carlo techniques, and comparable to current Computational Fluid Dynamics. This extended-
continuum approach could form the basis for a new methodology for high-Kn flows in MEMS, and be a
practical and accurate approach to investigating new fluid flow and heat transfer phenomena at micron
scales.

This paper describes such an investigation, using the classical Burnett equations to describe steady,
compressible Couette flow of a Maxwellian monatomic gas at the micro-scale. Following a general in-
troduction to the equations, the numerical stability of the Burnett equations applied to micro Couette flow
is examined. The reason why previous researchers have been unable to obtain solutions to these equations,
over a wide range of Kn, is demonstrated and a new solution procedure proposed. The new technique is
then applied to plane micro Couette flow in one dimension and, in the absence of experimental data, results
obtained are compared with data from previous Monte Carlo simulations. The accuracy and effectiveness
of using second-order transport equations for investigating flows at the micro-scale are then assessed.

2. The Burnett equations

Although, as mentioned in Section 1, there are a number of sets of governing equations available, all to
second-order in Kn, no consensus has yet emerged as to which set is the most physically consistent.
Therefore, the equations adopted in this paper are the classical and accepted form of the Burnett equations.
Apart from being the most well-established, they have notorious problems with both ill-posedness [5] and
the related time-dependent instability [12]. Recently, there has also been some doubt raised about the
physicality of certain terms within the equations [10]. However, if solutions can be obtained using the
Burnett equations, it is likely that a similar methodology will also be successful for the other sets of
available equations.

In this paper, the gas is assumed to be Maxwellian molecular and monatomic, and the flows steady and
one-dimensional. These assumptions significantly simplify the Burnett equations, though the findings are
not necessarily limited to this idealised case.

At each point in space and time, the state of a monatomic ideal gas flow is determined by its velocity v,
temperature 7' and density p. We assume the pressure, p, obeys the perfect gas law
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p = pRT, (1)

where R = k,/m is the gas constant, k;, is the Boltzmann constant and m is the molecular mass. Specific
heats at constant volume and pressure are denoted ¢, and c,, respectively. A monatomic ideal gas is
characterized by the relations

3 5
Cy = ER and Cp = ER (2)

such that the isentropic constant y, defined as the ratio of ¢, to ¢,, is equal to 5/3. The speed of sound c is
given in the medium by the simple relation

czzwl—]. 3
7 3)

The conservation equations for momentum and energy include a viscous stress tensor IT and a heat flux
vector Q. These transport terms may be obtained through the classical Chapman—Enskog expansion in
Knudsen number of the Boltzmann equation [2]:

m=0° + 1" +m® 4 ... (4a)
Q=09 +QW 4+ QY y... (4b)
At zeroth-order, this procedure gives
n° = p1, (5a)
QY =o. (5b)

When these fluxes are used in the conservation equations, the governing equations are termed the Euler
equations.
The next approximation gives:

o = —2ue, (6a)

Q(l) = —kVT, (6b)

where, in tensor notation, €¢ = e — (1/3)tr(e)1 and e = (1/2)(Vv + Vv'), and u and « are, respectively, the
viscosity and the heat conductivity of the gas. For a monatomic gas modeled by point centres of force, the
kinetic theory leads to a viscosity proportional to 7* and the Prandtl number Pr = uc,/x is a constant equal
to 2/3. For a Maxwellian molecular gas, the temperature exponent s is simply 1. The conservation equa-
tions together with the fluxes (6a), (6b) define the Navier—Stokes equations.

At second-order in Kn, the series solution technique leads to the accepted form of the Burnett expres-
sions for viscous stress and heat flux [2]:

2 o ~ o ;o ~ = ) - ~ R = ~ ﬁ
n® :% [d)IV - ve. + s (De — 2Vv- e) + mRVVT—i—%VpVT—i—wSTVTVT—i— W€ - e}, (7a)
2 T , . .
QY :R“; {elv-va+02(DVT—vV.VT) +03pvp~e+94Tv.e+395vre], (7b)
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where operations beneath an overbar are performed prior to operations above, and where the constant
coefficients are

3\2
15 (7 45 35 ®)
9127 57 5) 92=§7 0y =-3, 04=3, 95=Z+S.

The expressions in (7a), (7b) containing the convective derivative, D, are often substituted by approxi-
mations derived from the Euler equations, viz.:

DVV=V<F—¥> — Vv Vy, (9a)

DVT(yl)V~<TV-v>Vv~VT, (9b)

where F is the body force acting on the gas. These approximations mean that additional time-dependent
terms do not appear in the governing equations.

It is well known that the Burnett equations are unstable to small wavelength disturbances [5]. For
this reason, various authors have proposed modifications to the original equations, which have added
or removed terms to attain fine-grid stability in their solutions for hypersonic flows. Recent work by
Xue et al. [11] suggests that these problems are encountered when the Burnett equations are applied to
micro flows: solutions can only be obtained on very coarse numerical grids for Kn below about 0.18.
However, it will be demonstrated here that, for the same application, a new methodology can be de-
veloped which achieves numerically stable Burnett solutions for arbitrary grid resolution and Knudsen
number.

3. The numerical stability of the Burnett equations applied to micro Couette flow

Couette flow is a straightforward test for methods of modelling micro flows. It is a simple analogue for
applications including hard-disc drive reader heads, micro turbines and gas bearings. A schematic for this
shear flow (generated within a micro channel by the parallel motion of one of the solid bounding surfaces)
is illustrated in Fig. 1, where the important parameters are the micro channel height, H, and the velocity of
the moving wall, V.

For steady, parallel (essentially one-dimensional) flow within the micro channel, the Burnett equations
reduce to the set of ordinary differential equations:

d du

5 (457) o
d/ du dT

a0, 9y _ 1
dy (W 4 dy) 0 (100)

d
& (p + n@) =0, (10c)
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Fig. 1. A schematic of the micro Couette flow under investigation.

where y is the coordinate perpendicular to the flow, u is the streamwise velocity and H,(f) is the second-order
contribution to the stress tensor

2 du\? T  RTdp  RT (dp\> RdpdT R /dT\’
Jric cu R L8P (P A (e 11
» = nl g + o dy2+°‘3p dy2+a4p2 O +O(5pdydy+a6T o) | (11)
where o = 7(2/3)(2)24’(1/12)67)6, 0 = 7(2/3)(2)24’(2/3)(2)3, o3 = 7(2/3)(1)2, oy = (2/3)(1)2, o5 = 7(2/3)(2)24’

(2/3)4, and ag = (2/3)d4 + (2/3)cs. For convenience, flow variables and properties will be non-dimen-
sionalised as follows:

ou . p s ol pey . py W K L _C

U=—, p=—, T:Lza ,0:71, y=—— Hu=—, K= 5 v:l;
Cy D Cq D Hicr Hy HiCp Cp

. R

Py (12)
Cp

where the subscript 1 denotes a gas property evaluated at the stationary wall of the micro channel. Egs.
(10a), (10b), (10c) can then be written in the form:

dT di . d%

== T=——=0 13
Got g0 (13a)
2. (da\*  (dP\’ . &T

3T(dﬁ) +(dy) L1550, (13b)
2.dp 2. df did

g R R ) (13¢)

On inspection of Egs. (13a)-(13c) it can be seen that the density features only in Eq. (13c). This allows the
velocity and temperature to be solved independently, using only Egs. (13a) and (13b) and the density
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calculated subsequently using Eq. (13c). Both stages of this overall solution strategy will now be considered
for stability.

To examine how well-conditioned (and consequently stable) the solution to Egs. (13a) and (13b) is,
velocity and temperature perturbations around a known, assumed solution are considered. Absolute sta-
bility or instability cannot be precisely attributed to this analysis, but if the perturbations demonstrate
dominant oscillatory (complex eigenvalues) behaviour, it is likely that a numerical solution will be unat-
tainable. The perturbed temperature and velocity solutions can be expressed in the form

ﬁzuf+u’exr>{ﬁﬁ}, T=Ti+T/eXP{ﬁﬁ}, (14)

where primed symbols express the perturbation magnitude, f§ the perturbation growth, and u; and 7; are the
classical, constant-viscosity non-slip Couette flow solutions. Although the constant-viscosity Couette flow
profiles are not an exact solution to Egs. (13a) and (13b), they provide an adequate approximation for the
purposes of this analysis

3 KnM?*p
u=KnMy, T,=3+ ”3 y(l—Kny), (15)
where the Mach number of the moving wall, M, and Knudsen number, Kn, are defined as
A
m=" kn=to Lt (16)
C1 pH H

The constant-viscosity solution and perturbation (Eq. (14)) can now be substituted into Egs. (13a) and
(13b). After linearisation this gives the simultaneous set:

T; R
(d—1+nﬁ>a+KnMT:0, (17a)
dy
dr; R X
63 + 3L | T+ 4T:KnMii = 0. (17b)
y

These expressions are combined to give the characteristic equation

5 1 d7 1d7\*  4Kn’M>
p +3(T,~ & p+2 T & 3T =0, (18)

the roots of which are real for every point across the channel and for any Mach or Knudsen number, since

N 2 2442
(l dT’) 16K M, (19)

T dp 37T,

This means that no oscillatory perturbations away from the known solution are present. This strongly
suggests that the solution of Egs. (13a) and (13b) will be stable.

To demonstrate the stability of this stage of the solution, a simple implicit centred-difference scheme has
been used to solve Egs. (13a) and (13b), using non-slip wall boundary conditions for Kn =1 and M = 3.
Convergence was assumed when

i—igq T — Ty

max , <1071, (20)
C]M T]
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Fig. 2. Calculated velocity and temperature distributions across the channel in micro Couette flow for Kn = 1, M = 3.

where the subscript old refers to values from a previous iteration. In these simulations no numerical sta-
bility problems were encountered, even though over a thousand grid points were used across the channel.
The velocity and temperature profiles are shown in Fig. 2.

The second stage of the solution is the calculation of the density distribution. This involves the evalu-
ation of terms generated from the Burnett approximation. Since there are third-order spatial terms in Eq.
(13c), an extra boundary condition is required. Here, as in the approach adopted by Xue et al. [11], the
equation for density is integrated to reduce the order:

pRT +113) = 4, (21)

where 4 is an unknown integration constant. The extra information required to find a unique solution to
Eq. (21) is obtained by observing that the Burnett equations are equivalent to the Navier—Stokes equations
as Kn tends to zero, therefore

pP=D

ngz) —0 } as Kn — 0. (22)

If it is assumed that 4 is independent of Kn, this can be used in place of an additional boundary condition
for Eq. (21), to give
pRT + I15) = py. (23)

The stability of solutions to Eq. (23) are investigated (as before) by considering perturbations from the
constant-viscosity solution (Eq. (15))

b= ot pexp(f). (24)

The characteristic equation for density perturbations, after the linearisation of Eq. (23), is then

ar, . 27 ,

8T.f* + 24 _Z 2. 25
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Fig. 3. Calculated density distributions across the channel in micro Couette flow for M = 3, Kn = 0.01, 0.1, 0.5 and 1.

The roots of the characteristic equation (25) will always be real, irrespective of the values for Kn and M,
since

dr\’
10( — 32T, = 0. 26
<dy“) e (26)
Consequently, a stable solution, uncorrupted by oscillations, should be obtainable. To demonstrate this

point, Eq. (13c) has been solved numerically using over a thousand grid points — Fig. 3 shows the density
distributions for varying Kn at M = 3. No stability problems were encountered.

4. Slip boundary conditions

The analysis so far has shown nothing to indicate that the Burnett equations are unstable when applied
to micro Couette flow. However, Xue et al. [11] encountered serious stability problems that prevented them
from obtaining micro Couette solutions for Kn = 0.18 (for M = 3). The reason for this problem, as will be
shown here, is boundary condition instability.

In general, non-slip boundary conditions are unrealistic for continuum transition flows as there are not
enough collisions near the wall to equilibrate the flow field. For this reason slip conditions should be
prescribed at the wall. The classical boundary conditions of this type are the Maxwell/Smoluchowski first-
order slip conditions:

s — 1y = ;u“” }"jiw’ (27a)
2—or 2y dr

T, —Ty=" "t =" =~ 2

o or Pr(y+l)ﬂdy . (27b)

where the subscripts s and w denote slip and wall values, and ¢,, o7 are, respectively, the tangential-
momentum and thermal accommodation coefficients. The thermal creep term sometimes included in Egs.
(27a) is neglected here, since the Reynolds number for this application is relatively large. If the incident
tangential momentum and energy flux is equal to that reflected (o, = 0,07 = 0) the non-dimensionalised
form of conditions (27a), (27b) are:
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8 ..du
As:Aw _T3 5 2
iy =1 +\/27de} (28a)
.3 54T
T.== -7 2
s 2+ 24 % dy (28b)

Note that the velocity slip and temperature jump conditions are independent of density — this maintains the
decoupled nature of the density, allowing it to be calculated secondarily.

The problems associated with using these boundary conditions are revealed by examining the solutions
to Egs. (28a), (28b) in the first iteration of a calculation. If it is assumed that the viscosity is constant,
evaluation of the momentum equation (10a) at the stationary wall gives

du

& = Kn (M — 2u). (29)

w

When this is combined with Eq. (28a), expressions for the velocity slip and velocity gradient at the sta-
tionary wall are obtained:

A KnM\/8T? (302)
Uy = , a
V27 + 2Kny/8T?

da 27KnM

d—‘f __ V2TKn . (30b)
Vv V27 4 2Kn /8T

Since this is a first iteration solution (7; = 7}) the expression for the velocity gradient is simply

J; KnM

daj __KnM (31)

dy|, 1+2Kn

Now, by evaluating the energy equation (10b) at the stationary wall (again, with viscosity assumed con-
stant) the following relationship between the velocity and temperature gradient is found

dr 1 dal?

&), ~ 3Kn & (32)

Finally, by combining Egs. (28b), (31) and (32), a cubic expression for the temperature jump boundary
condition can be obtained

25Kn*M*

e T3 AT*+ 12, -9 = 0. (33)
54(1 + 2Kn)

Solutions to this equation are physically meaningful if they are real (i.e., have no complex components) and
satisfy the condition 7; > 3/2 (from Eq. (28b), given that for Couette flow (d7/dy)|, > 0). Fig. 4 shows the
roots of Eq. (33) for M = 3 at varying Kn values — physical solutions only occur for Kn < 0.2. Note also that
in approaching this Kn value there is likely to be solution difficulty because of the competing physical roots;
at these points it is not clear which of the roots is more ‘physical’, and this ambiguity prevents a
straightforward numerical solution. This is the reason why Xue et al. [11] reported an inability to produce
micro Couette simulations beyond about Krn = 0.18, in line with the predictions of this analysis.
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Fig. 4. Roots of cubic equation for temperature-jump boundary condition for varying Kn. The dotted line indicates 7, = 3/2, under
which real roots are non-physical.

To eliminate this problem, the numerical scheme for solving the temperature boundary condition should
be semi-implicit rather than fully implicit. In other words, part of the solution for the slip condition (28b)
should be based on values of 7; from a previous iteration (7,q4). If the mean free path is taken as

)= To\/ 8T /27, instead of J= \/87’53 /27, an alternative cubic expression for the temperature jump can be
obtained:

32Kn Told =3 16Kn fold 8f0|d ) 32Told 1‘42 ZSTOM 1 = 3
2 Tod ) s | 2Ry T2 - - —— | -==o. 4
( 27 ) : 9 27 |7 3 3\ mhTwm - GY

The roots of Eq. (34) for M = 3, Ty = T, and varying Kn are shown in Fig. 5. There is exactly one positive
real root for every Knudsen number on the scale, and since negative temperatures are non-physical, a
numerical solution of the full equations will always tend to this, provided appropriate initial conditions are
chosen. Normally, the temperature jump condition would be solved implicitly as part of the energy
equation. The improvement in stability is owed to the relaxation that is indirectly applied to the boundary
condition as a result of the semi-implicitness.

An alternative approach is to solve the slip and jump conditions explicitly, i.e., independently of the
momentum and energy equations. In this way relaxation can be applied and controlled exclusively to the
boundary conditions (note, this is not the same as applying relaxation to the flow variables). Fig. 6
demonstrates the stabilising influence that boundary condition relaxation has on the full equations, where
the relaxation factor, Ry, is used to calculate the boundary condition for the new iteration as follows:

Tnew = Aold + Rf(Ts - Told)~ (35)

As predicted by Fig. 4, solutions with Kn values much greater than 0.2 cannot be obtained when the
boundary conditions are treated normally (i.e. R, = 1.0). However, a relaxation value of 0.2 is enough to
achieve unique solutions for Knudsen numbers up to and above Kn = 1.

Numerical convergence can be speeded up considerably by choosing a more suitable initial distribution
for velocity and temperature. In the previous examples, an initial constant-viscosity, non-slip solution to
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Fig. 5. Roots of cubic equation for semi-implicit temperature-jump boundary condition against Kn. The dotted line indicates 7, = 3 /2,
under which real roots are non-physical. In this case, all roots are real.
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Fig. 6. Iterations required for convergence, against Kn, for different levels of boundary condition relaxation (R;).

Egs. (10a), (10b), (10c) was used. However, if Eq. (34) is solved iteratively, slip values can be obtained and
used to construct a constant-viscosity s/ip solution — this provides a much better initial guess. In Figs. 7 and
8, the velocity slip and temperature jump values predicted by Egs. (30a) and (34) are compared to those
calculated by the full model using boundary condition relaxation. The prediction of the constant-viscosity/
slip solution is remarkably close to the final solution.

From the analysis of this section it can be concluded that the Burnett equations are not an inherently
unstable approximation when used to model micro Couette flow. The instabilities reported by Xue et al.
[11] for micro Couette flow were a result of the slip boundary conditions used and not the Burnett equations
themselves.
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Fig. 7. Comparison of the velocity slip (i) calculated by a full simulation (o) and the constant-viscosity/slip analysis (-).
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Fig. 8. Comparison of the temperature-jump condition (7;) calculated by a full simulation (o) and the constant-viscosity/slip analysis ().

5. Micro Couette results

There is a shortage of reliable experimental data in microfluidics, so DSMC (direct simulation Monte
Carlo) models are often used as a convenient experimental analogue (especially for simple flow geometries).
In this section, the Burnett equations are solved for micro Couette flow by the method described in Sections
3 and 4, and compared with the DSMC results of Nanbu [8].

For these simulations, a hundred finite-difference points have been used with a convergence criteria
described by Eq. (20). As discussed in Section 4, a first-order slip condition (Maxwell/Smoluchowski) can
be used to resolve non-equilibrium flow effects at the wall. The utility of a second-order approximation can
also be investigated [6]:
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W) , (36a)

2 du

2—o0,(.du L d
2 dy?

Us — Uy = —— | A
s W o, <dy

w

2—or 2y dr| 2 d&r
TS_TW——— (e +——
or Pr(y+1)\"dy|, 2 d?|,

). (36b)

Fig. 9 shows the variation of wall heat flux with Kn (at M = 3) compared to results obtained from a DSMC
simulation [8]. Results from using three different wall-boundary approximations are shown: the non-slip
condition, the first-order Maxwell/Smoluchowski (M/S) slip condition, and the second-order approxima-
tion (36a), (36b). The non-slip condition provides a good prediction for wall heat flux for Kn up to about
0.04, after which the results begin to diverge rapidly from the DSMC data — it is clear that non-slip con-
ditions are not adequate for modelling micro Couette flows across the full range of Kn. The first-order slip
conditions, however, continue to provide close agreement with DSMC up until around Kn = 0.1, though
only qualitative agreeement can be observed at Kn = 1. In any case, as the Burnett equations arise from a
Kn-series solution to the fundamental gas kinetic equation which is assumed to converge, Burnett solutions
as Kn — 1 cannot be expected to produce highly accurate results as they are being applied at the limit of
their validity.

Intuitively, the first-order conditions should provide a poorer approximation than the second-order slip
conditions. However, the fact that the opposite is shown to be the case in Fig. 9 may reflect a fundamental
inaccuracy in the second-order M/S-type slip conditions at high Kn. This result could warrant future in-
vestigation into alternative slip boundary conditions, such as those recently proposed by Myong [7]. These
boundary conditions circumvent the difficulty in assigning the accommodation coefficients used in Egs.
(27a), (27b) and (36a), (36b), by modelling the gas-surface molecular interaction process as a chemical
adsorption.

Fig. 10 shows a comparison of the present results with DSMC simulations for the wall shear stress at
M =3 for varying Kn. A similar advantage in using slip conditions over non-slip conditions is demon-
strated, though the improvement when using a first-order instead of a second-order approximation is less

1 T 7
/
’
/7
0.8F L7 _
7
7
7
06F -
¥ 2 ¢ dTrdy :
(non dim)
04r
- No Slip
0.2 —— First-Order Slip 7
— — Second-Order Slip
o DSMC
0 - 0
10 10 10

Kn

Fig. 9. Variation of non-dimensional wall heat flux with Kn. Comparison of DSMC results with Burnett solutions using non-slip and
various slip boundary conditions (M = 3).
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Fig. 10. Variation of non-dimensional wall shear stress with Kn. Comparison of DSMC results with Burnett solutions using non-slip
and various slip boundary conditions (M = 3).
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Fig. 11. Distribution of non-dimensional pressure across the micro channel for M = 3 (half-channel, but symmetry can be assumed),
for various Kn.

pronounced. This is because the second derivative of the velocity distribution is smaller, relative to the first
derivative, than the equivalent derivatives in the temperature distribution. The velocity slip is therefore less
affected by a second-order approximation than the temperature, and consequently so is the wall shear
stress.

A final confirmation of the general utility of the Burnett equations for this application is demonstrated
by calculations of the pressure distribution across the micro channel as shown in Fig. 11. Here, the DSMC
data of Nanbu [8] are compared with the Burnett solutions and the classical Navier—Stokes solutions using
first-order slip conditions. What is most noticeable is that the Navier—Stokes solution predicts no pressure
variation across the micro channel. The Burnett equations, on the other hand, agree with the DSMC
predictions for all Kn values considered.
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6. Conclusions

It has been demonstrated that for steady monatomic gas flows in simple microfluidic geometries the
Burnett equations form a numerically stable set of governing equations. Previous problems encountered
when solving the Burnett equations in these geometries are a result of an incorrect application of the
boundary conditions, and not due to any intrinsic and fundamental instability present in the model
equations. By treating the slip boundary conditions either semi-implicitly, or using a relaxation method,
solutions can be obtained over the full range of Kn (on arbitrarily fine numerical grids).

Burnett solutions using relaxed first-order slip conditions agree very well with direct simulations up to
the expected limit of validity of the equations, and are orders of magnitude quicker to obtain than the
corresponding DSMC data. To quicken convergence further, a constant-viscosity/slip solution can be
constructed to predict the first-order slip conditions prior to the solution of the full equations — this pro-
vides a better initial guess for the first iteration. The poorer agreement with DSMC data when using second-
order slip conditions may indicate a fundamental problem with higher-order M/S conditions and requires
further investigation.

The Burnett equations have, in general, been shown to be an excellent model for simple gas flows in
microfluidic applications. Further work could usefully include: investigating Burnett solutions of Poiseuille
flow in a micro channel; extending the governing equations to model air flows; applying the Burnett
equations to two- and three-dimensional micro geometries.
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